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a b s t r a c t
The chromatic polynomial P(G, λ) gives the number of proper colourings of a graph G in at
most λ colours. If P(G, λ) = P(H1, λ)P(H2, λ)/P(Kr , λ), then G is said to have a chromatic
factorisation of order r with chromatic factors H1 and H2. It is clear that, if 0 ≤ r ≤ 2, any
H1 ≁= Kr with chromatic number χ(H1) ≥ r is the chromatic factor of some chromatic
factorisation of order r . We show that every H1 ≁= K3 with χ(H1) ≥ 3, even when H1
contains no triangles, is the chromatic factor of some chromatic factorisation of order 3
and give a certificate of factorisation for this chromatic factorisation. This certificate shows
in a sequence of seven steps using some basic properties of chromatic polynomials that
a graph G has a chromatic factorisation with one of the chromatic factors being H1. This
certificate is one of the shortest known certificates of factorisation, excluding the trivial
certificate for chromatic factorisations of clique-separable graphs.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
The chromatic polynomial P(G, λ) gives the number of proper colourings of a graph G in at most λ colours. Theminimum
number of colours required to properly colour G is called the chromatic number and is denoted χ(G). The chromatic
polynomial P(G, λ) is said to have a chromatic factorisation of order r with chromatic factors H1 and H2 if
P(G, λ) = P(H1, λ)P(H2, λ)
P(Kr , λ)
(1)
where neither H1 nor H2 is isomorphic to Kr and 0 ≤ r ≤ min{χ(H1), χ(H2)} [4]. The graph G is said to have a chromatic
factorisation if P(G, λ) has a chromatic factorisation.
It is well known that a clique-separable graph, that is, a graph that can be obtained by identifying an r-clique in a graphH1
with an r-clique in a graphH2, has a chromatic factorisation. It follows that any graph chromatically equivalent to (i.e., having
the same chromatic polynomial as) a clique-separable graph also has a chromatic factorisation. When a graph is clique-
separable, or chromatically equivalent to a clique-separable graph, its chromatic factors each contain a clique of size at least
r . However, in [4,3] we demonstrated that there exist chromatic polynomials that have chromatic factorisations, but are
not the chromatic polynomial of any clique-separable graph. In these cases at least one of the chromatic factors does not
contain an r-clique. Thus it is interesting to consider the case where H1 contains no r-clique, but is the chromatic factor of
some chromatic factorisation of the form in (1).
Now, when r ≤ 2, there always exists a clique-separable graph G that has a chromatic factorisation satisfying (1) with a
given H1 as a chromatic factor. When r = 0, the graph G consisting of at least two components, one component being H1,
has the desired chromatic factorisation. In the cases r = 1, 2 the graph obtained by identifying an r-clique (a single vertex
when r = 1 or an edge when r = 2) inH1 with an r-clique in some other graph, say another copy ofH1, is a clique-separable
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graph with H1 as a chromatic factor. However, when r ≥ 3, it may not be possible to find a clique-separable graph that has
H1 as a chromatic factor, as H1 may have chromatic number at least 3, but might not contain a 3-clique.
We show that when r = 3, we can always construct a graph G such that H1 is a chromatic factor of the chromatic
factorisation (1) of G.
In [4] we introduced the notion of a certificate of factorisation. This is a sequence of steps involving basic algebraic
operations and basic properties of the chromatic polynomial that provides an explanation of why a given chromatic
polynomial has a chromatic factorisation. When the graph is clique-separable, we have the shortest certificate: this
certificate has a single step. Excluding this certificate, the shortest certificates of factorisation are for chromatic polynomials
of graphs that can be considered to be almost clique-separable, that is, a non-clique-separable graph which can be obtained
from a clique-separable graph by removing or adding a single edge. In this paper we give one of the shortest known
certificates of factorisation for non-clique-separable graphs. For any given H1, χ(H1) ≥ 3, we can construct a graph G that
has a chromatic factorisation satisfying this certificate with H1 as a chromatic factor.
So we have shown not only that any H1 with χ(H1) ≥ 3 is a chromatic factor, but also that the chromatic factorisation
has a certificate that is about as short as possible.
In Section 2we give some basic definitions and properties of the chromatic polynomial. In Section 3we present ourmain
result: that every graph with chromatic number at least 3 can be a chromatic factor of some chromatic factorisation with
r = 3. A certificate of factorisation is given for this chromatic factorisation.
2. Preliminaries
2.1. Definitions and notation
If graphs G and H are chromatically equivalent we write G ∼ H .
The graph G is said to be an r-gluing, or clique-gluing, of graphs H1 and H2 if G can be obtained by identifying an r-clique
in H1 with an r-clique in H2.
A graph is said to be strongly non-clique-separable if it is neither clique-separable nor chromatically equivalent to a clique-
separable graph.
The cycle with vertex set {u0, u1, . . . , un} and edge set {ui, ui+1 : 0 ≤ i ≤ n − 1} ∪ {u0, un} is denoted by C = (u0, u1,
. . . , un).
Let CA = (0, 1, . . . , n) and CB = (0, 1, . . . , n) be cycles in graphs A and B respectively. Let φ : {0, 1, . . . , n} →
{0, 1, . . . , n} be a bijection such that for all uv ∈ E(CA), φ(u)φ(v) ∈ E(CB). The graph A is said to be inserted into graph
B by identifying CA with CB under the bijection φ if each vertex v in CA is identified with vertex φ(v) in CB (multiple edges are
discarded). If B′ is the graph obtained by inserting A into B in this way, we say that B′ = I(A, B, CA, CB, φ).
Let K4(a, b, c, d, e, f ) denote a K4-homeomorph obtained by replacing the six edges {e0, e1, . . . , e5} of K4 by paths of
length a, b, c, d, e and f respectively, where e4 and e5 are disjoint.
Let D2n+1, n ≥ 2, be the dihedral group acting on {0, 1, . . . , 2n} with generators ⟨(0, 1, 2, . . . , 2n), (1, 2n)(2, 2n −
1) . . . (n, n+ 1)⟩.
2.2. Properties
The deletion/contraction relation states that for any e ∈ E,
P(G, λ) = P(G \ e, λ)− P(G/e, λ) (2)
where G \ e is the graph obtained by deleting e from G and G/e is the graph obtained by identifying the endpoints of e and
discarding any multiple edges and/or loops introduced by the identification.
The addition/identification relation states that for any u, v ∈ V , uv ∉ E,
P(G, λ) = P(G+ uv, λ)+ P(G/uv, λ) (3)
where G+ uv is the graph obtained by adding an edge uv to G and G/uv is the graph obtained by identifying the vertices u
and v and discarding any multiple edges introduced by the identification.
The first three terms of the chromatic polynomial are
P(G, λ) = λn −mλn−1 +
m
2

− t

λn−2 + · · ·
where the graph G has n vertices,m edges and t triangles [1]. This gives us the following result.
Proposition 1. If G and H are chromatically equivalent graphs, then they have the same number of vertices, edges and triangles.
3. Chromatic factors
In order to satisfy the definition of chromatic factorisation given in (1), it is necessary that any chromatic factor H1 is not
isomorphic to Kr and has chromatic number at least r . We wish to determine which graphs H1 can be chromatic factors, for
each r .
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Fig. 1. The graph H1 containing a cycle of length 2n+ 1.
(a) G′ . (b) G1 is obtained by inserting
H1 into G′ + (2n− 1, 2n).
(c) G2 is obtained by inserting
H1 into G1 .
(d) Graph G = G2 \ (2n− 1, 2n).
Fig. 2. Inserting copies of H1 into G′ to obtain G.
In the case r = 0, any graph with at least two components, one of which is H1, has a chromatic factorisation with H1
as a chromatic factor. If r = 1 it is clear that, for any graph H1 ≁= K1 with χ(H1) ≥ 1, there exists a graph G which has
a chromatic factorisation with H1 as a chromatic factor. If r = 2, the same is true provided H1 has χ(H1) ≥ 2 and is not
isomorphic to K2: put H2 isomorphic to any non-null graph. In this article we determine which graphs are chromatic factors
in some chromatic factorisation of the form (1) when r = 3.
We show that, if r = 3, the necessary condition that χ(H1) ≥ 3 is actually sufficient for H1 to be a chromatic factor
(except for K3 itself).
Theorem 2. The chromatic polynomial of any connected graph H1 with χ(H1) ≥ 3 (excluding the graph K3) is the chromatic
factor of some chromatic factorisation of order 3.
Proof. The proof consists in constructing a chromatic factorisation with H1 as a chromatic factor. It deals with two cases:
the case where H1 contains a triangle, and the case where H1 contains an odd cycle of length≥5. If H1 contains no odd cycle,
then H1 is bipartite and χ(H1) < 3.
Case 1: Suppose H1 ≁= K3 contains a triangle. Let H2 be a graph isomorphic to H1. Then the graph obtained by identifying a
triangle in H1 with a triangle in H2 has chromatic factorisation P(H1, λ)P(H2, λ)/P(K3, λ).
Case 2: Suppose H1 contains an odd cycle, CH1 = (0, 1, . . . , 2n), n ≥ 2 (see Fig. 1).
Let G′ be isomorphic to K4(1, 1, 1, 1, 2n− 1, 2n), n ≥ 2, as shown in Fig. 2(a). Let CA = (0, 1, . . . , 2n) and CB = (c0, c1,
. . . , c2n−1, 2n)be cycles inG′+(2n−1, 2n). Letφ be anymapping belonging to the dihedral groupD2n+1 acting on {0, . . . , 2n}
and let π : {0, 1, . . . , 2n} → {c0, c1, . . . , c2n−1} ∪ {2n} be defined by
π(u) =

cu if 0 ≤ u ≤ 2n− 1,
2n otherwise. (4)
We form a graph G by inserting two copies of the graph H1 into G′ by the following process.
Let G1 = I(H1,G′ + (2n − 1, 2n), CH1 , CA, φ) and G2 = I(H1,G1, CH1 , CB, π ◦ φ). Then the graph G is G2 \ (2n − 1, 2n)
(see Fig. 2).
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(a) H ′ . (b) H3 is obtained by inserting
H1 into H ′ .
(c) H ′3 is obtained by a 2-gluing
of K3 and H3 on the edge
(2n, c2n−1).
(d) H2 ∼= H ′3 \ (c2n−1, 2n).
Fig. 3. Graphs used in the certificate of factorisation.
The certificate of factorisation of G is given in Certificate 1 and illustrated in Fig. 4. In this certificate the graph H3 =
I(H1,H ′, CH1 , {c0, c1, . . . , c2n−1, 2n}, π ◦ φ)where H ′ is the graph in Fig. 3(a). Observe that H3/(2n− 1, 2n) ∼= H1.
P(G, λ) = P(G+ (2n− 1, 2n), λ)+ P(G/(2n− 1, 2n), λ)
= P(H1,λ)P(H3,λ)P(K2,λ) +
P(H1/(2n−1,2n),λ)P(H1,λ)
P(K1,λ)
= P(H1, λ)

P(H3,λ)
P(K2,λ)
+ P(H1/(2n−1,2n),λ)P(K1,λ)

= P(H1,λ)P(K3,λ)

P(H3,λ)P(K3,λ)
P(K2,λ)
+ P(H1/(2n−1,2n),λ)P(K3,λ)P(K2,λ)P(K1,λ)P(K2,λ)

= P(H1,λ)P(K3,λ) (P(H2 + (2n, c2n−1), λ)+ P(H2/(2n, c2n−1), λ))
= P(H1,λ)P(H2,λ)P(K3,λ)
Certificate 1
Thus graph G has a chromatic factorisation with H1 as a chromatic factor. The other chromatic factor is H2 where H2 is
isomorphic to H ′3 \ (c2n−1, 2n) (see Fig. 3(d)).
Thus, the chromatic polynomial of any connected graphH1 with χ(H1) ≥ 3, excluding K3, is the chromatic factor of some
chromatic factorisation with r = 3. 
We note that in many cases nonisomorphic graphs can be found that have a given H1 as a chromatic factor by using
different mappings in D2n+1 to construct the graph. These graphs may not be chromatically equivalent. Examples of these
constructions are given in Section 5.4.3 of [2].
4. Conclusion
Although the chromatic factorisation of clique-separable graphs is well understood, little is known about the chromatic
factorisation of strongly non-clique-separable graphs. In [4] we identified over 3000 strongly non-clique-separable graphs
of order n ≤ 10 that have chromatic factorisations, and in [3] an infinite family of strongly non-clique-separable graphs that
have chromatic factorisations. Any chromatic factorisation of a strongly non-clique-separable graph must have a chromatic
factor that does not contain a clique of size r . An understanding of which graphs containing no r-clique can be chromatic
factors in chromatic factorisations may provide an insight into properties of strongly non-clique-separable graphs that have
chromatic factorisations.
In this article we have shown that any graph H1 with χ(H1) ≥ 3 (excluding K3) can be the chromatic factor of some
chromatic factorisation of order 3.We have demonstrated that theremay bemore than one chromatic factorisation that has
H1 as a chromatic factor.
We would like to extend our results to show that any graph H1 with chromatic number at least r ′ (excluding Kr ′ ) can
be the chromatic factor of some chromatic factorisation of order r ′. All graphs of order at most 8 with chromatic number
at least 4 (excluding K4) occur as chromatic factors of chromatic factorisations of order 4. There are three graphs of order 7
and 45 graphs of order 8 that have chromatic number at least 4, and do not contain any 4-clique. Each of these graphs is a
chromatic factor of a chromatic factorisation of the form in (1) with r = 4 and G having order at most 10. This leads us to
the following conjecture.
Conjecture 3. The chromatic polynomial of any connected graph H1 with χ(H1) ≥ r ′ (excluding the graph Kr ′ ) is the chromatic
factor of some chromatic factorisation of order r ′.
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Fig. 4. Chromatic factorisation of G.
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